RESOLVENT ESTIMATES RELATED WITH 
A CLASS OF DISPERSIVE EQUATIONS 



HIROYUKI CHIHARA 



Abstract. We present a simple proof of the resolvent estimates of elliptic Fourier multipliers on the 
Euclidean space, and apply them to the analysis of time-global and spatially-local smoothing estimates 
of a class of dispersive equations. For this purpose we study in detail the properties of the restriction of 
Fourier transform on the unit cotangent sphere associated with the symbols of multipliers. 



1. Introduction 

This paper is concerned with resolvent estimates of elliptic operators on the Euclidean space with 
constant coefficients. These estimates are equivalent to smoothing properties of solutions to corre- 
sponding dispersive evolution equations. 

For X = (xi, . . . , Xn) G and ^ = (6> • • • > Cn) G IR", set x ■ ^ = xi^i + • • • + x„^„ and 
1^1 = . ^. Let a{C)£C{W^)nC°°{W \ {0}) be a positively homogeneous function of degree one. 
Suppose that a(^) > for ^ / 0. It follows that 

since a(^) = a'{^) ■ ^. Setp(^) = a{^)'^ for some fixed number m > 1. 
Consider the initial value problem of the form 

Dtu-p{D,)u = f{t,x) in (1) 
u(0, x) = (/)(x) in M", (2) 

where u{t, x) is an unknown function of (t, x) = (t, xi, . . . , Xn) G M^"^", /(t, x) and (f){x) are given 
functions, i = Dt = —id/dt, = —id/dx, d/dx = {d/dxi, . . . , d/dxn), and the operator 

p{Dx) is defined by 

for an appropriate function v{x). Since p{^) is real-valued, the initial value problem ([B-© is L^-well- 
posed, that is, for any (/)GL^(M") and for any f^L\^^{^; L^(M")), ([B-© possesses a unique solution 
uEC(R; L^(M")). Here L'^ and denote a usual Lebesgue space and its local space respectively for 
q G [1, oo], and C(M; L^(M")) is the set of all L^(M")-valued continuous functions on M. Moreover, 
the unique solution u is explicitly given by 

n(t,x) = e**P(^-)</.(x) + iG/(t,x), 
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A typical example of ([Hi is the Schrodinger evolution equation of a free particle, which is the case 
PiO — It is well-known that the solution to the free Schrodinger evolution equation on M" 

gains extra smoothness in comparison with the initial data and the forcing term. This mathematical 
phenomenon is called local smoothing effect or local smoothing property. In the last two decades, 
smoothing properties of solutions to more general dispersive partial differential equations and their 
applications have been vigorously investigated. See, e.g., ||l], Q, El, H, (61, El, S, Ha, lEl, 
lEl, IPI, fT9l and references therein. 

In |[2] Doi deeply studied the relationship between the behavior of the geodesic flow and the smooth- 
ing effect of the Schrodinger evolution equation on complete Riemannian manifolds. Roughly speak- 
ing, he proved that the smoothing effect occurs if and only if all the geodesies go to "infinity". In other 
words, if there exists a trapped geodesic, then the smoothing effect breaks down. For more general 
dispersive equations, the smoothing effect depends on the behavior of the Hamilton flow generated by 
the principal symbol of the equations. Consider dispersive equations with constant coefficients of the 
form 

Dtu-qiD,)u = fit,x) in (3) 

where q{^) is a real polynomial of order m > 1. Let qmiC) be the principal symbol of q{Dx). qm{C) 
generates the Hamilton flow {(x + tq'^{C),0}teR for (x, ^) G x (M" \ {0}). Hoshiro proved that 
the smoothing effect of solutions to the IVP for ^ occurs if and only if for ^ / 

\x + tq'^{^)\ — > cxD as t ^ iboo. 

This condition is equivalent to q'^iO / for 7^ 0. See [6| for the detail. 

There are some expressions of smoothing estimates. Let A = — iDajp and (x) 
Throughout this paper, different positive constants are denoted by the same letter C. In 
classified these estimates into three types as follows. 
TYPE-I : Let (5 > 1/2. Then 



= ^1 + |x|2. 

161 Sugimoto 



ll/2-itA^ 



{x)-^\D, 



fis)ds 



|l2{R1+") ^ C'II'/'IIl2(IR")> 

^c|Kx)^/IU2(Ki+„). 



-itA. 



TYPE-n : Suppose n ^ 3. Then 

\\{x)-\D.,)yK ^ 



L2 



|L2 



L2 



') ^ '-'ll'PllL2(R"), 

^ C|K2;>/||L2(IRl + n). 



(4) 
(5) 

(6) 
(V) 



For TYPE-III, see (H, HM and HH for the detail. TYPE-I estimates © and © were studied by 
many authors. These inequalities describe time-global and spatially local smoothing effect. TYPE-II 
estimates Q and (O, and TYPE-III estimates were first studied by Kato and Yajima in [8J. These 
inequalities seem to show not only smoothing effect but also integrability of solutions. In HI the 
author gave the complete generalization of dUl and More precisely, he proved that if p{£,) is a 
real-principal-type homogeneous symbol of degree m > 1, that is, p(,^)GC^(M")nC°°(M" \ {0}) is 
real-valued and satisfies 



i«i>(| 



for 



then the corresponding TYPE-I estimates hold. Unfortunately, the proof of this generalization in 
|[T1 is complicated and not comprehensive. On the other hand, TYPE-II estimates seem to show the 
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integrability of solutions related with low-frequency region also. From a point of view of Fourier 
analysis, it is very natural to ask whether the curvature effect of the level set of a(^) = |^| is essential 
or not. 

There are two purposes of this paper. One is to give a simpler proof of the generalization of TYPE-I 
estimates in [1] for general elliptic symbols. It seems to be very hard to present essentially simpler 
proof for more general real-principal-type symbols including nonelliptic ones. Another is to consider 
the influence of the curvature effect of the level set of the elliptic symbol on TYPE-II estimates. More 
precisely, we will give the complete generalization of TYPE-II estimates Q and and show that 
they depend only on p'{^) and the weight (x)^™/^, and are independent of the curvature of the level 
set of p{C)- Our results are the following. 

Theorem 1.1. Let n ^ 2. 

TYPE-I: Suppose m > 1 and 5 > 1/2. Then 

|Kx)-^|D,r-lG/||i2(Kl + n) ^ C|Kx)V||i2(Kl + n). (9) 

TYPE-II: Suppose 1 < m < n. Then 

|Kx)-™/2(Z),)(— i)/2e^*p(^^)0||^.(i,i+„) ^ CMlHr-), (10) 
\\{x)~^/'{D,r~'Gfh2^^.+.^ ^ C||(x)"/V||L^(Rl+n). (11) 
Theorem 11.1 [ follows from resolvent estimates. 

Theorem 1.2. Let n ^ 2. 

TYPE-I: Suppose m > 1 and 6 > 1/2. Then 

{\D^r-\C-p{D^))-'f,g) \ ^ C|Kx)'^/||i.(i,n)|Kx)'5g||^2(M»). (12) 



sup 

Cec\i 

TYPE-II: Suppose 1 < m < n. Then 



sup ({D,r-Hc-p{D.))-'f,9)^^,^ ^ ^ciKxr/2/iiL^(r)iK^r/'5iiL^(Mn). (i3) 

To prove Theorem 11.21 we make full use of the estimates of the restriction of Fourier transform on 
the level set of a(0. Set S(r) = G ]R"|a(^) = r} for r ^ 0. The Fourier transform of cl){x) is 
denoted by 

Kuroda first established the restriction estimates related with scattering theory for a(^) = |^| in fTP|. 
His results played essential roles in [S]. His proof depends on the specificity of a(^) = |^|. We extend 
his results as follows. 

Lemma 1.3. Let n ^ 2. 

Uniform trace estimates: Suppose 9 > 0. Then 

^ C|Kx)l/2+V||L2(Kn). (14) 

Holder continuity: Suppose < 6 ^ 1/2 for n = 2, and < 9 < I for n ^ 3. Then 

||r("-i)/V>-) - A("-i)/V"(A-)IIl^(e(i)) ^ C\t - AnKx)i/2+Vk2(Mn). (15) 
Low frequency trace estimates: Suppose < 9 < {n — l)/2. Then 

^ Cr^lKx)i/2+V||L2(Rn). (16) 
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To conclude this section, we show how Theorem 11.21 impHes Theorem ll.il In fT| Kato discovered 
this principle in an abstract operator theoretic setting. We give an elementary Fourier analytic approach 
below. For an appropriate function f{t, x), we use the following notation 

Let Y{t) be the Heaviside function 

^ ^ [0 if t < 0. 

Set f±{t, x) = Y{±.t)f{t, x) for short. Using the Fourier transform in the space-time, we have 



T-p{S,)-iO T-p{^)+iO' 
Using the above formula and the limiting absorption principle, one can easily show that (fT2l ) implies 
dill, and ([T3] ) implies (fTTl) . On the other hand, the estimates of e^^P^^'^^(j) ^re equivalent to 

||(ge**^'(^^))*/llL2(M")^C||/|U2(Ki+n) 

since 



where Q = {x)-^\D^\^'^-'^y^ or Q = (x)-™/2(L>^)('^-i)/2. By the co-area formula (see e.g., lfT4l 
Theorem 5.8 in Chapter II]), Hormander's observation in [3, Section 14.3] and the estimates (fT2l) -([T3]). 



we deduce 



||(Qe**^'(^^))Vlli2(M.) 

--\m{p{-),-)\\h^^^) 

coo r \ni*"f(^ tM2 



Jp(0=r 

..mi r / 



'?iO vr 7o Jm" ± «^ - P(0 

limlmi r((r±ir?-pp,))-ig*^i[/](r),Q*^i[/](r)) dr 

via IT Jq \ /L2(Kn) 



oo 



^CJ^ \mf]{r)\\hi^^)dT 

^ C'll/lli2(Rl+n)> 

which shows that ([T2l ) implies ([8]l, and ([T3] ) implies (flOl ). 

The organization of this paper is as follows. In Section 2 we prepare some weighted commutator 
estimates needed later. Section 3 is devoted to proving Lemma [T31 In Sections 4 and 5 we prove ([T2l ) 
and ([T3] ) respectively. 
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2. Weighted commutator estimates 

This section is devoted to preparing weighted commutator estimates used later. Our basic tools are 
weighted estimates of fractional integrals due to Stein and Weiss. 

Theorem 2,1 (|[l5l Theorem B*]). Suppose < a < n, (3 < n/2, 7 < n/2 and a = /? + 7. Then 

MO'^m"''f\\LHR-) ^ c'ii«(o^/iil2(r")- (17) 

In particular, if0^(3<n/2, then 

M0~''f\\LHR-)^C\\\xff\\L2^^^y (18) 

In this section we show two lemmas. The first one is concerned with the commutator of weights 
and singular integral operators of order zero. 

Lemma 2.2. Let 5 satisfy <6 ^ Iforn ^ 3and0 < 5 < Iforn = 2. Suppose that q{^)£C°°{W'\ 
{0}) is homogeneous of degree zero. Then 

\\{\x\'q{D,) - q{D,)\x\')f\\L2(^^n) ^ C|| |x|^/||i2(Kn), (19) 

\\{^)'qiDcc)f\\LHR-) ^ (20) 

Proof. It suffices to show (fT9l ) since 

\\{x)'q{D,)f\\L2^U-) ^ C\\q{D,)f\\L2^^u) + C\\\x\'q{D,)f\\L2^^u) 
^ C\\q{D,)f\\L^(U^) + C\\q{D,)\x\'f\\L2^^u) 

+ C\\{\x\'q{D,)-q{D,)\x\')fh2^^r.) 
^ C\\{x)'f h2^^r.) + \\{\x\'q{D,) - q{D^)\x\')fh2^^r.y 
Since the inverse Fourier transform of q{^) is a homogeneous function of degree —n, we have 



{\xfq{D,)-q{D,)\xf)f{x: 



^ C 



\x - V\ 



\f{y)\dy. 



(21) 



Pick up a positive integer k satisfying (A; + 1)5 > 1 The mean value theorem gives 



\x 



{k+l)5 



\[k+l)5 



j=0 

{k + l)d\\x\ - \] 



j=0 



^{k + l)5^-^-r^ + {k + l)5^-'' ^' 



I1-.5 



(22) 

\x\^ " \y\- " 

We split our proof into two cases n ^ 3 and n = 2. When n ^ 3, substituting (|22] ) into (|2TI ). we 



have 

i\x\'qiD^)-qiD,)\x\')fix] 



1 



n \x — y 



n-l 



1 



11-5 



+ 



1 



|1~<5 



\f{y)\dy 
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= c{|xr(i-^)|z),ri|/(^)i + i^xr'(kr^'"'^i/wi)}- (23) 

Applying ([l8]l with /3 = 1 to (l23]l, we obtain (O for 5 = 1 and n ^ 3. Suppose that < 6 < 1. 
Using ([I7]l with (a, 7) = (1,1- S, 6) and with /? = 1, we get 



-{i-^)|Z),|-V(:^ 



^ C 



1 1?. 



''^1/(^)1 



L2(R") ^ ' ' ' L2(R") 



\x 



= C7|||x|^/||i2(Kn) 

respectively. Combining (l23]l, dMll and ^5^, we obtain ([T9ll for < 5 < 1 and n ^ 3. 
Suppose n = 2 and < 6 < I. Using elementary interpolation and ((22]) . we deduce 



1 1 

+ 





\x\'-\y\' 


1-5 


\x\'-\y\' 






1-5 






\x\' + \y\' 




\x\'-\y\' 



^C{\x\' + \yf)'-'\x-y\ 



lis 



\y\'-' 



+ 



Substituting (1261) into (121]) . we have 



i\x\'qiD,)-q{D,)\xf)f 



^C\x-y\' 1 + 



^ C 



+ 



+ 



+ 



Using (118] ) with /3 = 5, we have 



i^.r'i/i 



^ c 







(24) 



(25) 



(26) 



(27) 



(28) 



Here we remark that < 5(1 - (5) ^ 1/4 and 5(2 - 5) < 1 = n/2 for < 5 < 1. Using ([TT]) with 

(a,/3,7) = (5, -(5(1 -5), 5(2 -(5)) and (a,/3,7) = (5, 5(1 - 5), 5^), we deduce 



|^|Wi-5))|Z)^|-<5|a;|M(i-<5))|/| 



L2(IRn) 



^ c 
c 
^ c 



c 



L2(R") 



Combining ([28]), and we obtain ([191) for n = 2. This completes the proof. 



(29) 

(30) 

□ 
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The second lemma in this section is concerned with commutator estimates between weights and 
fractional differentiations in frequency space of ^ G M". 

Lemma 2.3. Let n ^ 2, and let k satisfy < k < 1 for n = 2 and < k < 3/2 for n ^ 3. Set 
p={n- l)/2 andr^{D^) = \D^\'^~'^D^. Then 



a{i)-Pr,{D^)a{iYf 



L2(R") 



^ c 



L2(R") 



(31) 



Proof. First we remark that the Fourier transform of ri^{x) is homogeneous of degree — (n + k). We 
split our proof into four cases: Case 1 (n ^ 3, < k < 1), Case 2 (n = 2, < k < 1), Case 3 (n ^ 3, 
K=l) and Case 4 (n ^ 3, 1 < k < 3/2). 

Case 1. Suppose n ^ 3 and < k < 1. Note that p ^ 1. We compare a{£)^Prt^{D^)a{^Y f{i) with 
r^{D^)f{x). We evaluate 



^ C 



aiCY 



1 



1/(01 

ie-ci"+" 



dC. 



The mean value theorem gives 
a{CY 



ajCY - 

(a(C) - a(e)) 
P 



^'{to(C) + (l-t)a(C)}' 'dt 



^ \^ta{C) + {l-t)a{0Y''dt 

[\'{sC + {l-s)0-{C-Ods. 
Jo 



Since p — 1 ^ 0, 



^ max {ta(C) + (1 - t)a(e)}' ' ^ C{a{CY-' + a{0'''}- 



Since a'{^) is homogeneous of degree zero, 

\a{sC + (1 — s)^)\ ^ max |a'(a;)| < +oo, 



where S"-^ = G | |^| = 1}. Combining ^ and we have 

^ <c(^^ + ^)\£-C\ 



Substituting (l36l) into (l32l) . we deduce 



1/(01 



= c|a(e)-ni?€i-(i-'')a(erv"(oi| + c|«(0-'i^5r^'""V7oi 

Using (ITtI) with (a, /3, 7) = (1 — k, p, 1 — k — p) and ([TSl l with /3 = k, we deduce 



L2(Mn) 



a(0'"/ 



L2(Rn) 



(32) 



(33) 



(34) 



(35) 



(36) 



(37) 



g 
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L2(IRn) 



Similarly, using ([TT] ) with (a, /3, 7) = (1 — k, 1, —k) and ([TSl l with /3 = k, we deduce 



L2(R") 



< c 
= c 
^ c 



L2(R") 
L2(R") 



L2(M") 

Applying ^ and dlH) to we obtain ([IB forn ^ 3 and < k < 1. 
Case 2. Suppose n = 2 and < k < 1. Note that p = 1/2. We evaluate 



^ C 



1/(0 1 
I? -CI 



2 + K 



Using factorization and the mean value theorem, we deduce 



1 



a(C) - a(0 



i(e)V2{a(C)V2+a(0i/2} 
1 



X / a'« + (i-s)e)-(c-eM5. 

Jo 



Then we have 



.(C)V2 



g|e-ci 

i(0i/2a(C)i/2- 



Applying (|42l) to (l40l ). we deduce 



Applying ^ with (a, /3, 7) = (1 - k, 1/2, 1/2 - k) and ([l8]l with /3 = k to ([431), we deduce 



L2(M2) 



^ C 

= c 
^ c 



^(^)(l/2-.)-l/2^~ 



which is desired. 

Case 3. Suppose n ^ 3 and k = I. Since 
using ([TSl l with /? = 1, we obtain 







P«'(e)a(0"V 



^ p max \a'{uj)\ a(^)"V 

ajGE(l) 
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^ C 



L2(R") 



Case 4. Suppose n ^ 3 and 1<k<3/2. A simple computation gives 

= {aiC)-f'\D^r'aiO''-\D^r'}DjiO 

+ paio-p\D^rMo'-'a'{om- 

Using the results of Case 1, we deduce 

{a{o-'\D^r-' 

\x\'^'^xf 



-''\D,\''-'a{^)P -\D 



paiO-P\D^rMO'-'a'iOf 



L2(R") 



+ p 



^ C 



L2(R") 

xr'b{D,)\D,\-'f 



L2(R") 



where = a'(^)|^|/a(^). Using ([T9l ) with (5 = k — 1, we have 

^ \[\x\^-^b{D,) - b{D,)\x\^-^]\D,\-^f 
b{D,)\xr-'\D,\-'f 



L2(]Rn) 



+ 



L2(Kn) 



L2(R") 



Applying ([TT] ) with (a, /3, 7) = (1, -(k — 1), k) to (|47] ). we have 



n 1-1 



L2(R") 



L2(R") 



Then we get 



pa{0-''\D^r-'a{0''-'a'{Of 



L2(Kn) 



(44) 



(45) 



(46) 



(47) 



(48) 



Combining dSl), (05]) and dH), we obtain dlB for n ^ 3 and 1 < k < 3/2. This completes the 
proof. □ 

3. Restriction estimates 
In this section we prove Lemma [T31 

Proof of uniform trace estimates ([141 ). We split S(t) into finite numbers of small surfaces given by 
graphs of functions as follows. Since a'(^)GC°°(M"\{0}), a'(0 / for ^ / 0, and is compact, 
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there exist finite numbers of closed sets T,{l,k) C and points tOj^ G T,{l,k) (k = 1, . . . , /) such 
that 

I 1 
= y a'K)-a'(u;) ^ -|a'K)|2 for ioG^{l,k). (49) 

k=l 

Fix k = Using an appropriate rotation in ^ G M", we may assume e„ = (0, . . . , 0, 1) = 

a'{L0k)/\a'{L0k)\. Set 

S(t, fc) = {tw I t > 0, cj G A;)} n S(t), 

£)(r, A;) = G M""^ | there exists e M such that (^', G S(r, A:)}. 
The homogeneity of a{^) implies that for r > 

S(r, k)={Tuj\uje A;)}, D(t, k) = {t^' \ ('eD{l, k)} 

Since a(^) is positively homogeneous of degree one and (1491) . e„-direction is transversal to the small 
surface Il(r, A;). Since |5a(wfc)/9^„| = |a'(wfc)| / 0, the implicit function theorem shows that there 
exists a homogeneous function gf^^C°°{D{l, k)) of degree zero such that 

S(l,A:) = {(e',5fc(0)ie'G^(l,^)} (50) 
provided that A;) is sufficiently small. Since a{^\ gk{$,')) = 1 for ,^'G-D(1, k), we deduce 



i'^TQk (7)) for i'^D{T,k). 



Set gr,k{i') = TgkiC /t) for short. The uniqueness of the implicit function on S(t, A;) implies that 

nr,k)={{e,gr,kiO)\C'(^D{T,k)}. 
Now we evaluate ||/||L2(s(r.A:))- Set V^' = d/d^' for short. Note that 

Vc'<7r,fc(e') = (V^'fffc) for e(^D{T,k). 

Then we have for any r > 



,'^Dl^,k) V 1 + = ^, max^^ ^1 + Wc'dkiOW - M < +00. (51) 

Let a be the surface element on S(r, A;). Using (|5TI ). the one-dimensional Sobolev embedding (See, 
ifT/l Chapter 4]) and the Plancherel formula, we deduce 

2 / \frc\\2 



= / \f{i' ,9r,k{0)?J^ + \^i'9rAiTdi' 

JD(T,k) ^ 

[ \f{e,gr,k{C))\'dC' 

JD{T,k) 

JD{T,k) inSM 

^ Ce,M I I m^)^l^+'f{i\in)?di'din 

JD{T,k) JR 

Jr" 

= Ce,M f \{xn)'/^+'f{x)\^dx 
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^Q,M||(x)l/2+Vlli2(M.)- 

Summing up the above estimates on k up to /, we obtain ([T4l ). □ 

Proof of Holder continuity ([T5] ). In view of ([T4l ). it suffices to show ([T5] ) only for |r — A| ^ 1. Fix 

uj € The Sobolev embedding theorem shows that 



1/2 



(52) 



where L,, 



"1/2+9 



and using ( fT9l ). we deduce 
T''/(r-) - A^/(A-) 



(Z)^) for ^ = Note that dS, = iJ?Pd^da{u}) for ^ = /iw. Integrating (|52] ) over 



L2{S{1)) 



<C|r-A|^ 

^C|r-A|^ 

^C|r-A|^ 
^C|r-A|^ 



ys{i) 



^S{1) 

L2(R") + 

L2{K") + 



2 , 2^ 

2 ^ 2i ^ 



1/2 



1/2 



a(e)-''ri/2+^^(Z)5)a(e)''/ 



L2(R") 



L2(R") 



□ 



This completes the proof. 

Proof of low frequency trace estimates ([T6l ). In view of (fT4l) . it suffices to show the case |r| ^ 1. 
Suppose < 6* < 1 (n = 2) or < 6* ^ 1 (n ^ 3). Using ([T5]l, we deduce 

t''/(t-) - 

L2(E(1)) 



L2(IR") 



L2(R") 



Consider the case 1 ^ 6* < (n — l)/2 (n ^ 4). Set = — 1/2 for short. Applying 
"61 = 1/2" to T-^firu), we deduce 



(53) 
with 



lL2(E(r)) 



{l + \x\)aiD,)-^f 



Using ([TSl l with /3 = z^, we have 



L2(IRn) 



+ 



L2(R") 



L2(R") 



L2(Rn) 



< c 



|6»-l/2 



L2(Rn) 



(54) 



(55) 
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Using ^ with 5 = 1 and q{^) = a^^yi^l" and ^ with (a, /3, 7) = (z^, -1, 1/ + 1), we deduce 

|x|a(Z),)-'^/ 



^ c 



L2(R") 
L2(IR") 

L2(IRn)' 



(56) 



Combining ([541), (Ull) and (HD, we obtain ([161) forls^6'<(n-l)/2. This completes the proof. □ 

4. Smoothing estimates 

In this section we prove the resolvent estimates ([T2l ). Obviously, it suffices to show ([12] ) for 1/2 < 

5 <l. Let 6(^)gC°°(M" \ {0}) be a real-valued symbol. We remark that for C e C \ M 



+ {b{D^){C - p{D,))-\f + ig), if + ig))^^^^^^ 

+ l{b{D^)iC - p{D.))-\f - ^9), if - ^9))^^^^^y 



(57) 



Hence, it suffices to show ([Ilj) for / = g. In view of ([20]) for q{0 = |p'(Or^^^l^l^"'"^^^^ the proof 
of ([T2I) is reduced to the following. 



(58) 



Lemma 4.1. Let n ^ 2. Suppose m > I and 5 > 1/2. Then, 



sup 

C6 



\p'{D,)\{C-p{D,)r'f,g 



L2(K") 



^ C\\{x)^f\\LHR")\\{x)^9\\L^R")- 



Proof. It suffices to show ([58] ) for f = g and 1 /2 < 5 < 1 . For the sake of convenience, set = A ± ^77 
with A G M and 7? > 0. Using the Plancherel formula and the co-area formula, we have 



\p'{D.,)\{\±ir^-p{D^))-^fJ 







1 




(A-r) 




(A-r 


) =Fi^ 


(A-r) 


2 _|_ 



|/(0l'da(0dT 



(59) 



Applying ([141 ) to the imaginary part of ( [59l ). we obtain 

Imf|p'(Z),)|(A±ir?-p(I?,))-V,/ 
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(A - r)2 + 7^2 J^^^^__ 
V 



\f{Orda{C)dT 



g (A-r)2+7?2"-"'^'^(S(W-))«'^ 

^dr 



= C^|Kx)Vlli2(Mn). 



7] 



(60) 

According to A G M, we split the evaluation of the real part of (1591 ) into three cases: Case 1 (A ^ 0), 
Case 2 (0 < A ^ 2"") and Case 3 (A > 2"). 

Case 1. Suppose A ^ 0. Set /i = —A ^ 0. Using ([TSl l with /3 = 1/2, we deduce 



Re(\p'{D,)\{X±ir]-p{D,))-'f,f 



L2(R") 



/i + T 



(/^ + + V"^ JpiO 

OO 



+ T Jp(^) 

OO -j^ 







T 



p(0-- 



\fm^da{C)dT 



^ C 

^ c 



L2(R") 



L2(R") 



(61) 



Case 2. Suppose < A ^ 2™. We split the real part of ( [59] ) into three parts according to the size of r 
as follows. 



Re(|p'(I),)l(A±ir?-p(Z?.))-V,/ 

A-T 



(A - t)2 + r/2 7p(5)=^ 



i/(e)rda(e)dr 



A/2 







/■3A/2 




/>oo 




+ 


/ • • • dr 


+ 


/ • • • 






Jx/2 




J3X/2 



h + h + h- 



(62) 



It is easy to deal with Ii and I^. In fact, since A — r ^ r for r ^ A/2, and r — A ^ t/3 for r ^ 3A/2, 
we have 

|A-r| 1 3 



< - 



(A-r)2 + r,2 - |A-Tp r 
for r (A/2, 3A/2). In the same way as (|6T]) . we can obtain 

2 



L2(Mn) 



(63) 
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The estimate of I2 is delicate. Since 

r-3A/2 



for A, r/ > 0, we have 



A/2 (A-r)2 + r/2 



A/2 



A/2 (A-r)2+r?2 



dfi = 

A/2 A^'' + 



i^i(T,A)dr , 

\m\'da{0. 



i^i(r,A) 

Applying (fT4l) and (fHl) to Fi(t, A), we deduce 

|Fi(r,A)| = |||T^/™/(r-)llL^(E(i)) - I|A''/'"/(A.)||l^(e(i)) 

^ (ll/llL2(S(ri/m)) + ll/llL2(S(Ai/m)) 
^||W-^-(^.)_AP/™/(A.)||^.(^(,)) 

^ (ll/llL2(E(^i/m)) + ||/|lL2(S(Ai/m)) 

^C7|ri/'"-AV™ni(x)V||2,(^„), 
where 9 = 5—1/2. The mean value theorem shows that for A/2 ^ r ^ 3 A/2 



.l/m _ ^1/*^ 



|r-A| 



m 




r — 


'/ 


m 


JO 


2(m- 


l)/m 



A + t(r - A) 

1 /^\ — (m— l)/m 



l)/m 



^-(m-l)/m|^_^|^ 



Substituting (1671) into (1661) . we have 

|Fi(r, A)| ^ CA-^^'^-i^/'^IA - t^Kx; 
for A/2 ^ r ^ 3A/2. Substituting dM) into ([65]), we get 

/■3A/2 
\'5^||2 ' 



5 f\\2 



/■A/2 

= ^A^/™iKx)^/ir 



2i+^C, 



ll(^)^/lli2(Rn)- 



(64) 



(65) 



(66) 



(67) 



(68) 



(69) 



Combining ^ and we obtain dMI) for / = 5 and < Re C < 2"^. 
Case 3. Suppose A > 2™. Case 3 is slightly different from Case 2. We split the real part of (|59l ) into 
four parts as follows. 



Re(\p'{D,)\{\±ir^-p{D,))-^fJ 
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A-T 



(A-t)2 + 7?2 

















■■■dT 


+ 


L 




■■dT 




Jo 








_X(m-l)/m 




l'2X 






POD 




+ 




dT 


+ 


/ ■■■dT 






JA+At™-!)/™ 






J2A 





h + h + h + Ij. 



(70) 



It is easy to evaluate U, Iq and I7. Since A - r ^ ^{m-i)/m for ^ r ^ A - A^™-^)/™, and 
r - A ^ (t/2)(™"1)/'" for ^ a + A^'"-^)/™ ^ r ^ 2A, 



|A-r| ^ 1 



' \ ("1— l)/m 



(A-t)2 + ?72 ^ |A-r| 
for ^ r < A - a('"-i)/™ and ^ A + A^^^^)/"" ^ r ^ 2A. Hence, we deduce 

fOO 



I4, Iq ^ c 

= c 



Q T-im-l)/m 

\p'm 



\f{OrdaiC)dT 



^ C'||/||2 2|,jg„^. 

Since r — A ^ t/2 for r ^ 2A, we can get 



in the same way as (I6T|) . 
Is is also delicate. Since 



A-T 



L2(R") 



^(m-l)/m 



(71) 



(72) 



we have 



A-A{™-i)/'" (A-r)2 + ry2 

A+At"'"^)/*" 



dT 



d// = 0, 



A-r 



Here we remark that for A > 2*^ 



A-Al™-!)/™ (A-r)2 + ry2 



Fi(r,A)r 



1 > 0. 



Hence (gT]) is vahd also for A > 2™ and |A - t| ^ ;^(m-i)/m^ ^^^^ ^ ^^^^ j^^l^^ f^j. ;^ > 2™ and 
|A - t| ^ ;^(m-i)/m ^pj^^^^ ^^^^^ jeduce 



/5^CA-^("-^)/'"IKx)V||i.(^, 



^(m-l)/m 



/-MM = ^IKx)'/lli2(Mn). 



(73) 



Combining dTO]), (ItB, (ES and dTS]), we obtain dSS]) for f = g and ReC > 2™. This completes the 
proof. □ 
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5. Low FREQUENCY ESTIMATES 

In this section we prove ([T3l) . In view of (|57] ). it suffices to show (fT3] ) only for f = g. We first show 
the estimates essentially related with the low frequency part. 



Lemma 5.1. Let n ^ 2. Suppose 1 < m < n. Then 



sup 



(74) 



Proof. In view of (|57] ). we have only to show (1741 ) for f = g. Set ^ = A ± ir/ for A G M and r/ > 0. In 
the same way as (|59l ). we have 



(C-pp.))-V,/ 



(A - r) =F «^ 



■da{i)dT. (75) 



First we evaluate the imaginary part of dTSl ). Pick up G (0, min{l/2, (m — 1) /2}). Using (fT6] ). 



we deduce 



Im((A±iry-p(Z),))-V,/ 



oo ^^-26»/m 



/o (A - r)2 + r/2 



-(m-l)/2+0 



L2(E(ri/™)) 



A (A - r)2 + r?2 

Here we remark that < {m - l)/2 - 6 < m/2 < n/2. Using ^ with (a, 7) = ((m - 1) /2 
e, 0, (m - l)/2 - 6*) and (q, (3, 7) = ((m - l)/2 - 6^, -1/2 - 6^, m/2), we have 



(76) 



^ C 
^ C 



-{m-l)/2+e 



|^|(m-l)/2-e_^ 



L2(R") 



) 

+ C 



+ C 



.|l/2+6»|2)_^|-(m-l)/2+e J 



Substituting dTT] ) into we obtain 



L2(R") 



Im(^(A±ir/-p(D,))-V,/ 
Next we consider the real part of (1751 ) 

Re((A±i77-p(Z),))-i/,/ 



^c|Kx)-/Vll 



(77) 



(78) 



{^-rY+ri^ Jm=r\P'i^)\ 



(79) 
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When A ^ 0, set ;u = -A ^ 0. Using with (3 = m/2, we deduce 
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/i + r 



L2(IRn) 



1 



■da{i)dT 



1 



^ ^p(0=^ 



«(0-"/'/lii.(Mn) 

2 



L2(R") 



(80) 



for A ^ and 77 > 0. 

For A > 0, we spUt (1791) into three parts 



Re((A±ir/-pp,))-V,/ 
(A-r) 



A/2 







/■3A/2 




/■oo 




+ ^ 


/ • • • dr 


+ ^ 


/ ■■■dr 






Jx/2 




J3X/2 



I8 + I9 + ho- 



rn 



It is easy to handle /g and Iiq. In fact, since A — r^r for O^r^ A/2 and r — A ^ r/3 for 
r ^ 3A/2, 



|A-r| 3 
^ - 



(A-r)2 + ??2 - r 
for r (A/2, 3A/2). Hence we can obtain 

2 

L2(R") 



/8,/in ^ C 



(82) 



for A > in the same way as 

We need to deal with /g carefully. Pick up G (0, min{l/2, {m — 1) /2}). Using (l64l ). we have 



3A/2 



i"2(r,A) 



A/2 (A-r)2 + ^2 



i^2(T,A)(ir 



(83) 



r 



26»/m 



da{i) 



p(0=A 



|p'(e)|i/2a(e)-e 



(ia(C) 
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P«)=A 



PiO=r 



L 



\p'{0\'/MO-' 

ho 



2 



= F3(T,A) + F4(r, A). 
In the same way as (|67] ). we have 

for A/2 ^ r ^ 3 A/2. In the computation of (1761 ) and (177] ). we have obtained 



|p'(0|i/2a(0-'^ 



(ia(e)^Cr2^/'"||(x)-/Vlli2(r). 



(84) 
(85) 

(86) 



Using (1851 ) and (1861 ). we obtain 

\Fs{t,X)\^CX-'\t-X\ (87) 

for A/2 ^ r ^ 3A/2. Set = /(0/|/(OI^^^«(0"^ for short. We remark that ([201) and dTT]) show 
that for any r > 

|Kx)1/2+^<7||l^(R") ^ C|Kx)™/2/||^.(^„). (88) 
Applying ([B]), ([H]), ([88]) and ([67]) to F4(t, A), we deduce 

|F4(r, A)| = A-2^/-|||r''/-5(r-)llL^(E(i)) " IIA^/^^^lAOIlL^CEd)) 

^ (ll5llL2(s(rl/™)) + II5|Il2(s(ai/"'))) 

^CA-^/-|rV™-AV™ni(x)V2+^5lli2(M.) 
^ CA-^/-|rV- _ A^/™nKx)™/Vlli2(Kn) 

5:CA-V-Ani(xr/Vlli2(M.) (89) 
for A/2 ^ r ^ 3 A/2. Combining dH]), ([87]) and ([89]), we have 

|F2(r, A)| ^ C(A-V - A| + A'V - AniKx)-/^!!!^^,^) (90) 
for A/2 ^ r ^ 3A/2. Substituting ([90]) into ([83]), we have 

I-3X/2 

I, ^ C||(x)-/Vlli2(Mn) J^^^ (A-^ + A-V - M'~')dr 



C 1 + 



IK^)™/Vll 



for A > 0. Combining ([78), ([801) and we obtain dH]). 
Finally, we complete the proof of ([T3] ). 



(91) 

□ 
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Proof of (fT3l) . We make a little use of the elementary theory of pseudodifferential operators freely. 
See, e.g., [lOJ. Pick up x(OeC~(IR") satisfying 



We split into two parts 



1 (ICKi) 

(|C|^2) 



{0"'-' = bi{o + \cr-%{o, (92) 

Here we remark that 6i(0 ^rid 62(0 are smooth functions on whose derivatives of any order are 
all bounded. Using ([921), (O and ([111), we deduce that 

L2(R") 



+ 



{C-piD.)y%{Dcc)f,9] 

+ C||(x)-/262(Z).)/||i2(M.)|Kx)-/25||i2(Kn). 

Since (x)™/^6j(L'x)(2;)~™/^ (j = 1, 2) are L^-bounded operators, we obtain ([T3]) . □ 
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